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The inverse problem in electroencephal-
ography (EEG) and magnetoencephalogra-
phy is of both theoretical and practical im-
port. Localization based on EEG and MEG
depends directly on the ability (at times in
disguised form) to make a reasonable guess
about current sources and their locations
based on measurements from the surface.
This is a simple statement of the inverse
problem. Unfortunately, theory shows that
there is not a unique solution to this prob-
lem; noisy data only makes this worse. We
will attempt to outline some of the relevant
information necessary to gain insight into
this problem; we will show why the inverse
problem in this case is ill-posed—that is,
prone to ambiguities. We will outline some
of the approaches being used in practice to
handle the inverse problem, as well as ap-
proaches with potential for future devel-
opment. Results will be freely borrowed
from the forward problem—in which
source geometry as well as the geometry of
the conductor are known, and in which the
electric potential or magnetic field at se-
lected points is to be derived. We will at-
tempt to maintain a practical motivation,
which will at times imply a strong clinical
perspective.
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WHY THE INVERSE PROBLEM ARISES
CLINICALLY

A good way to study the brain, a way used
by many, is to look at its functioning. In a
recent technical note, Nunez (27) brackets
this basic clinical issue neatly between phi-
losophy and physics:

As implied by Sherrington's enchanted
loom allegory, the proper study of the
brain would appear to be a study of brain
dynamics. The problem of improvement in
spatial resolution remains paramount, but
the goal is not localization per se because
at any fixed instant in time sources can be
anywhere and everywhere; it is relative
magnitudes and correlations that we hope
to connect to sensory and cognitive pro-
cesses. . . .

A strong hint of the dynamical functioning
of the brain is given by the electromagnetic
field of the brain.

The electromagnetic field of the human
brain varies slowly enough so that the elec-
tric and magnetic fields can be considered
separately. Yet each of these varies quickly
enough so that one speaks of ‘‘brain
waves. ' The electric field is measured in-
directly through the measurement of the
electrical potential by electrodes and high-
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impedance amplifiers. The magnetic ficld is
measured with induction coils [often cou-
pled to superconducting quantum interfer-
ence devices (SQUIDS)] and associated cir-
cuitry. Both the brain waves obtained with
electrodes and those obtained with induc-
tion coils vary as their respective sensing
devices are moved about the head. That is
to say, brain waves measured at different
locations are different.

As a result of many experiments, an un-
derlying cause for these waves has been
identified and is generally accepted—
namely, the electrical activity of the neu-
rons making up the brain tissue [see review
by Okada (29)]. However, the causal rela-
tionship is somewhat complicated. Wood
(46) calls the electric potentials and mag-
netic fields ‘‘aggregate, biased, and incom-
plete.”” Nonetheless, the correlation be-
tween underlying activity and externally
measurable fields is strong.

Since a close correlation can be made be-
tween a particular set of electrical or mag-
netic measurements of the field of the brain
and activity of a certain type in a particular
place in the brain, one can define a “‘brain
state.”” The study of the fields of the brain
then becomes the study of the states of the
brain.

Brain states are already appearing in im-
ages produced by positron emission tomog-
raphy (PET). At present, the temporal res-
olution of PET is on the order of minutes,
so only steady states are revealed. These
show, for example, that a focused activity
such as reading results in activity localized
in a small portion of the brain, whereas an
unfocused activity such as meditation re-
sults in activity delocalized or distributed
about the cortex.

A state space is an abstract space, in
much the same way, for example, that a
cartesian plot of power versus frequency is
a two-dimensional space. One can plot
states as points or regions, and the transi-
tion between states is represented as tra-
jectories or curves. Some of the ground-
work for this has been laid by the

somatosensory community, with a spatial
topology reaching great levels of abstrac-
tion such as Klein bottle mappings from sur-
face receptors to corresponding brain re-
gions (43).

A state space approach to the study of
the physical brain is a powerful formalism.
What makes this approach valuable now in
brain research is that the brain activity can
be identified in three space dimensions and
in time. The dynamic aspect is due to EEG
and MEG. One can speak of a dynamic to-
pology or geography of brain activity.

A state space approach that can deal very
well with approximate ambiguous infor-
mation has not yet been developed. For this
reason it is important that the brain states
be as well resolved in time and space as
possible, at least down to physiologically
meaningful levels.

It is easy to provide sufficient resolution
in time. Much of the interesting brain ac-
tivity seems to be in the millisecond range,
well within the ability of modern electronics
to record. And the electric and magnetic
fields of the brain vary in step with the un-
derlying activity.

It is at least straightforward, if not easy,
to provide the sufficient resolution in space
when electrodes are implanted into the
brain. However, since the implantation of
electrodes is a highly invasive procedure,
another procedure is needed using external
measurements from which the position of
the underlying activity can be inferred.
These inference techniques are part of a
general class of problems called *‘inverse
problems.”’

REVIEWS OF THE INVERSE PROBLEM
IN EEG AND MEG

The inverse problem is more general than
the biomagnetic inverse problem, and sev-
eral investigators have reviewed general as-
pects of inverse theory (31,35). Basic in-
formation concerning the inverse problem
and the intimately related forward problem
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in EEG and MEG have appeared in the lit-
erature. Plonsey (32), Baule and McFee (2),
Rush and Driscoll (34), and Henderson et
al. (17) discuss aspects of the forward prob-
lem in the framework of ‘‘lead field the-
ory.”" Basic results relevant to the bioelec-
tric forward problem in an inhomogeneous
volume conductor are given by Geselowitz
(10), and a discussion of the general forward
biomagnetic problem and a derivation of
basic results for a dipolar source are given
by Grynszpan and Geselowitz (12). More
recent detailed discussions of the inverse
problem in EEG and MEG are given by Sar-
vas (36), Tripp (42), Hari and Ilmoniemi
(15), and Williamson and Kaufman (45). In
addition, Sarvas (36) describes some as-
pects of the least-squares search for both
the linear and nonlinear inverse problem.
Hari and Ilmoniemi (15) also provide a dis-
cussion of the inverse problem from the
framework of the current space and lead
field perspectives and give some insight into
the complementary information provided
by EEG and MEG.

WHY THE INVERSE PROBLEM IN EEG
AND MEG IS ILL-POSED

The inverse problem as an abstraction
has its own literature, which includes at
least one dedicated journal (Inverse Prob-
lems). The inverse problem has been as-
sociated with electromagnetism at least as
long as the fundamental laws of electro-
magnetism have been around. The funda-
mental laws are Maxwell’'s equations,
which describe how the electric and mag-
netic fields arise and interact.

The idea of a field is built upon the prin-
ciple of superposition. ‘‘Superposition”
means that if a source gives rise to a par-
ticular field, and another source gives rise
to another field, then the field due to both
sources is simply the sum of the fields. If
two dipoles are close together relative to the
distance at which the field is measured, the

resulting field can be indistinguishable from
the field of a single different dipole.

In part because of superposition, the in-
verse problem as it arises in bioelectro-
magnetism is often part of a class of inverse
problems called “‘ill-posed problems."™"

WHAT IS GENERALLY DONE TO
SOLVE ILL-POSED PROBLEMS

In this section we will briefly consider
how ill-posed problems are formally de-
fined, and then we will describe what is
done (in very broad terms) to find solutions.
This will set the stage for the following sec-
tion on the specific issues that arise in EEG
and MEG.

The basic context is that of a mathe-
matical operation which acts on a mathe-
matical object and produces another mathe-
matical object. The operation can
represent, for example, the transformation
from underlying brain activity to measured
magnetic field strength. There are three
properties associated with the operation
which ensure that the inverse problem is
well-posed.

1.\There must exist an inverse. For ex-
ample, the inverse of 2 is . However, the
arithmetical inverse of the number zero is
not defined. In EEG and MEG, the inverse
1s the source.

2. The inverse must be unique. Consider
the operation of translating coins into mon-
etary value. If I note that I have four quar-
ters in my pocket, one can say that I have
$1.00. But if I say that I have $1.00 worth
of coins in my pocket, one can only guess
whether the coins are four quarters, 10
dimes, etc. For this operation, the inverse
is not unique. In EEG and MEG, the inverse
is not unique; because of superposition, a
variety of sources can result in identical
measurements.

3. The inverse must be stable. Consider
the coins once again. Suppose one had
guessed four quarters, and then I said
““Well, actually I have only approximately
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$1.00; on closer examination, I have
$0.99.”" At that point, a guess of four quar-
ters would require substantial revision. One
might make a new guess of three quarters,
two dimes, and four pennies. The first guess
had four coins, and the second guess had
nine—a change of over 100% in coin num-
ber. Had one guessed 100 pennies, the re-
vision could be as small as 1%. So the guess
of 100 pennies is less elegant and perhaps
less likely, but more stable. In EEG and
MEG, stability is a consideration in the sen-
sitivity of an inferred source to noise.

Since these three criteria—existence,
uniqueness, and stability—are often not
met in physical experiments, the interpre-
tation of the cause of the physical obser-
vation is often an ill-posed problem. There
is a modification of the three criteria, for-
malized by Tikhonov and Arsenin (40), in
which they are required to hold only over
a part of the mathematical space. For ex-
ample, in EEG and MEG the source may
be restricted to a volume, often a sphere,
which represents the head.

Ultimately, to solve an ill-posed problem,
one must appeal to information outside the
strict logic of the problem. It is this tack that
leads to the realistic modeling of the head
as well as to the efforts to use the anatom-
ical information of magnetic resonance im-
aging (MRI) scans.

In other words, imposing a boundary,
whatever it is, is part of the Tikhonov ap-
proach. Choosing the particular boundary
is part of the auxiliary approach.

HOW THE INVERSE PROBLEM IS
SOLVED IN EEG AND MEG

Overview

The basic inverse problem is to make in-
ferences regarding the distribution of
sources based on the recording of either sur-
face EEG or MEG. As discussed, in general
there is no unique result; nevertheless,
there are approaches that are taken to sim-

plify the problem. One may introduce sev-
eral major constraints that result in more or
less tractable problems. One may make as-
sumptions concerning the source such as
the single current dipole assumption, and
one may similarly make assumptions con-
cerning the geometry and conductivity of
the head. The simplest model is a dipole in
a homogeneous infinite head, which is not
very realistic. In one approach, assump-
tions are made regarding the source and the
head model, and the forward problem may
be solved analytically or numerically. In
many situations the source depends on a fi-
nite parameter set, in which case the in-
verse problem reduces to estimating the val-
ues of the parameters that give a solution
that is (in some sense) most like the mea-
sured field data. If the constraints are suit-
ably defined, the inverse problem thus re-
duces to a problem of parameter estimation.
Search routines may then be used to make
least-square parameter estimates. In prac-
tice, validation of models requires compar-
ison of such estimates with actual source
parameters from fixed or a priori known
sources.

In general, for solution of the biomagnetic
forward and inverse problems the starting
point is the quasi-static formulation of Max-
well’s equations; this approximation is valid
as long as the product of the tissue dielectric
and field frequency are much less than the
tissue conductivity. With frequencies below
the kilohertz range, this is valid in most tis-
sues. Further arguments detailing this are
given by Tripp (42) and Nunez (26).

Single-Dipole Models

Much of the work that has been done in
MEG to date has employed a model of the
source as a current dipole. Such a model is
certainly reasonable for a small area of cor-
tex which is relatively distant from the mea-
surement point, but this model may be in-
appropriate when larger areas of cortex are
activated. In assuming a dipolar source,
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there still is much flexibility in that the head
model needs to be specified.

1. Dipolar source, homogeneous head.
This quite simple model allows the esti-
mation of location and depth of the dipole
quite readily from measurements made on
the field map. In essence, in homogeneous
space the forward problem is easily solved;
expressions for the potentials and the mag-
netic field are given below (36):

V(r) = (4mo) ™"
Cox [ Fa e - e -0 Py

B(r) = (po/4m)
X fJ"(r') x (- ')Yr - dv

Here, J' is the source current, r is the mea-
sured field point, and the integrals are per-
formed over the same region. For a current
dipole of moment Q at ro, we have

V(r) = 4mo) ' Qe(r — ro)|r — rp ?
B(r) = (mo/4m) Q X (r — ro)/|r — ro

For the magnetic field the expression re-
duces to the Biot—Savart law, with only the
source current dipole having to be consid-
ered. Explicit solution is a simple algebraic
problem as given by Williamson and Kauf-
man (45). The inverse solution amounts to
locating the dipole in the designated space
and is easily performed inasmuch as the di-
pole location must be at the midpoint joining
the extrema of the field map while the dipole
depth is estimated by dividing the inter-ex-
trema distance by the square root of 2.

2. Dipolar source, spherically symmetric
head. In this case, one is dealing with a ho-
mogeneous spherical head and a single cur-
rent dipole as source. Cuffin and Cohen (7)
treated the forward magnetic part of this
problem extensively; they also noted that
there is no external magnetic field for a ra-
dial current dipole. This obviously has im-
portant implications for the inverse prob-
lem, since it implies that there is no unique

inverse in this model. Any derived tangen-
tial dipole estimated from magnetic mea-
surements may have an arbitrary radial di-
pole added without worsening the fit based
on purely magnetic measurements. Sarvas
(36) and Ilmoniemi et al. (18) have given a
relatively simple derivation for the result of
the forward problem. An important point
also shown by Sarvas (36) is that the radial
component of the magnetic field of a tan-
gential dipole depends on the source current
and is independent of the volume current.
Other components do depend on volume
currents, although in principle they are de-
rivable from the radial component. Ap-
proaches to this inverse problem have in-
cluded making the simplistic assumption
that only the radial component of the mag-
netic field is measured, in which case pa-
rameters of dipole location can once again
be estimated from the dipole map. As dem-
onstrated by Rose et al. (33), in certain brain
regions the geometry of the skull and the
placement of the magnetometer make it un-
likely that only the radial component is
measured, in which case one must take into
account tangential components of the mag-
netic field as well. This, in turn, means in-
corporating volume current effects. The
simple derivation given by Ilmoniemi et al.
(18) allows easy solution of the forward
problem, in which case this inverse problem
reduces to a search for the parameters of
the dipole that give the best agreement with
measured data. The solution of the forward
problem highlights the independence of the
magnetic field from radial variation in con-
ductivity. Some details of search methods
and reliability of estimation are discussed
by Sarvas (36).

3. Dipolar source, nonhomogeneous
spherical head. Acceptance of a spherical
head model still requires further treatment
when dealing with the forward and inverse
problems in EEG. In particular, there are
multiple layers of tissue surrounding the
brain, and their conductivities vary by as
much as a factor of 70 (26). For magnetic
measurements, we have noted that as long
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as spherical symmetry holds, the magnetic
field is independent of radial variation in
conductivity; hence, multisphere models
are not as important. In contrast, in EEG,
solution of the forward and inverse prob-
lems depends (to a relatively large extent)
on such a treatment and also requires rea-
sonable estimates of the conductivities.
Theoretical background for this is given by
Sarvas (36), Nunez (26), and Stok (38) and
will not be further discussed here except to
note that if estimates of conductivity are
made, the forward problem may be solved
and again a least-squares search for best pa-
rameter estimates may be made for the in-
verse solution.

4. Dipolar source, realistic head models.
These methods are still being perfected. In
general, they rely on the use of imaging
studies to define the surfaces of the various
interfaces between regions of differing con-
ductivity. In practice, the surfaces are di-
vided into triangles, and the potential on the
surfaces may be estimated by a finite ele-
ment evaluation of the required surface in-
tegrals. The surface potentials may then be
used to calculate the components of the vol-
ume current that contribute to the magnetic
field, and finally a term is added for the di-
pole in an infinite homogeneous conductor.
This computer-intensive calculation solves
the forward problem for an arbitrary dipole;
once again a minimizing search can be per-
formed to attack the inverse problem, al-
though this requires tremendous computing
power. Descriptions of this technique are
given by Hamaélainen and Sarvas (13), Stok
et al. (37), and Meijs et al. (24,25). In the
latter paper, some simulations are made and
significant differences between the spheri-
cal model and the realistic model are
shown.

Multiple Dipoles
The principle of superposition allows for

the straightforward solution of the forward
magnetic or electric problem for multiple

dipoles; however, the inverse problem is
limited by nonuniqueness. In model studies,
several investigators have attempted to gain
insight into the circumstances under which
the MEG would be able to discriminate mul-
tiple dipoles from single dipoles. Thus, in a
simulation study, Okada (30) used a statis-
tical technique based on a calculated F ratio
to establish lack of fit to a single-dipole
model. Assuming a single-dipole solution
(when in fact two dipoles are simulated),
Okada (30) was able to estimate the distance
and angular separation of the two simulated
dipoles necessary before a single-dipole
model would demonstrate lack of fit. With
noise levels similar to actual experimental
levels, lack of fit was apparent when the
dipoles were 1-2 cm apart. As the angular
separation of the dipoles increased, lack of
fit was more apparent. Importantly, depth
estimates based on the single-dipole model
worsened as the dipole separation in-
creased, and depth was generally overes-
timated. A similar simulation has been pub-
lished by Hari et al. (14), who also
considered variables relevant to the mea-
suring apparatus. Nunez (28) has also dem-
onstrated simulations in which the assump-
tion of a single dipole (when, in fact, two
are present) may also underestimate dipole
depth. Barth et al. (1) have recently dem-
onstrated a method of spatiotemporal anal-
ysis using multiple current dipoles which
they have applied in several epileptic pa-
tients; this method holds promise for further
development.

Multipole Treatment

Improvements in the MEG signal-to-
noise ratio have opened opportunities to
analyze the magnetic field with greater so-
phistication (8.20). Since the electrocardi-
ogram and magnetocardiogram have much
higher signal-to-noise ratios. some of these
techniques have already been applied there.
In 1958, Yeh et al. (47) described a theory
for sources in a homogeneous sphere, with
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a demonstration that traditional electrocar-
diographic techniques are approximations
of this general approach. This was recently
reviewed by Katila and Karp (22) and by
Titomir and Kneppo (41). There has also
been some work on the multipolar nature of
magnetic dust loads in lungs (39).

Generally, a distribution of currents will
give rise to a field which can be expressed
as a mathematical series. Wikswo and
Swinney (44) provide a very general theory
deriving and comparing various expansion
series for approximately static fields.
Among the most useful and elegant is the
so-called scalar spherical harmonic series.
The first term of the series, the monopole,
is a linear term which has not been found
to apply to magnetic fields. However, there
are practical situations which arise that can
approximate a magnetic monopole, and
Ferguson and Durand (9) have recently sug-
gested that there are mathematical simpli-
fications inherent in monopoles which make
them a good model for certain distributed
current sources. The next three terms rep-
resent the dipole, which has been described
above. The next set of terms represents the
quadrupole, which falls off much faster with
distance from the source than does the di-
pole. The series continues ad infinitum,
with successive terms typically contributing
less to the magnitude of the field. Katila and
Karp (22) point out tongue-in-cheek that if
too many terms are included, the number
of coefficients will exceed the number of
measured data and there will be no reduc-
tion. Usually the series is cut off after the
quadrupole or octapole terms.

A mathematical advantage of including
terms higher than the dipole terms is that
the second criterion of well-posed inverses
i1s more nearly met—namely, the solution
is more nearly unique. However, the third
criterion, stability, might become problem-
atic. Small changes in the measured field
due to noise have the potential to dramat-
ically change the postulated multipole
source.

A potential clinical advantage of the mul-

tipole technique is that a distinction can be
made between sources that otherwise ap-
pear to reside in the same location. How-
ever, it is perhaps too soon for clinically
relevant encephalographic distinctions to
be found in the literature. A clinical dis-
advantage is the difficulty in thinking of a
physiological basis for the multipoles,
whereas a dipole arises naturally at the den-
dritic level and the cortical columnar level.

Distributed Sources

Distributed sources are the most flexible
yet computer-intensive of the postulated
causes. They are often called model-inde-
pendent, because no particular geometry is
assumed for the source.

[imoniemi et al. (18) presented the ra-
tionale:

The inverse problem is easy to state: Cal-
culate the primary current distribution in
the brain from the magnetic field outside
the head. The solution is not unique: an
infinity of different current distributions
can explain a given magnetic field. Which
of these should we choose? . . . Our goal
is to express the neuromagnetic data in the
form of estimates of primary currents in
the brain. The neuroscientist is not inter-
ested in multipole moments, equivalent
current loops, not even in the magnetic
field or the field gradient. These are mere
tools in the determination of the location
and other characteristics of brain activity.
We present the inverse problem in the
framework of estimation theory: from
measured magnetic field values and some
prior knowledge, we want to construct the
best estimate for the primary current dis-
tribution.

They then go on to formalize the method.
The basic idea is that the source is unknown
but can be guessed. In particular, the source
is considered to be an array of current ele-
ments. Then the measurements that such a
guessed source would yield are compared
to the actual measurements, and the
guessed source is chosen to minimize the
difference between the actual measure-
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ments and the measurements implied by the
guessed source.

This method is very flexible, and various
requirements can be imposed along with the
minimization just described (21,36). For ex-
ample, the postulated source should be bi-
ologically realistic: 20 ampere sources are
unlikely in the human brain. And the
sources should be constrained to lie within
the volume of interest (6). Such modifica-
tions fit naturally into the distributed source
methods.

These methods can also be computer-in-
tensive, often requiring many hours of
mainframe time, or access to parallel su-
percomputers (19).

Simulations have shown that the distrib-
uted source techniques are capable of re-
vealing complex sources. Kullman et al.
(23) and Kado et al. (21) demonstrated the
reconstruction of a vortex source. Simula-
tions by Clarke et al. (3) provide empirical
evidence that the inferred distributed
sources are unique; the inferred sources are
resistant to tricks such as moving dipoles
close together.

How do the distributed source techniques
hold up in experimental conditions? Green-
blatt et al. (11) found agreement between
the distributed source solution and the di-
pole solution for the auditory evoked re-
sponse to 500-Hz tone bursts. Kullmann et
al. (23) used a saline phantom to demon-
strate that the distributed source technique
can distinguish dipoles 3 cm apart, whereas
the dipole fit (by design) guesses just one at
the midpoint.

An exciting application of the distributed
source techniques is dynamic imaging.
Ioannides et al. (19) have obtained dynamic
images of the sources of the measured mag-
netic fields. For real data of visual evoked
responses to reversing checkerboards, they
found a rotating current density pattern.

The dynamic imaging of loannides et al.
(19) also provides empirical evidence that
the inferred distributed sources are stable.
A source is inferred from a “*snapshot’’ of
a magnetic field configuration. Another

source 1s inferred from a snapshot made a
short time later. This process i1s repeated,
with no input to the algonthm of the pre-
vious solutions. When the sequence of
sources is viewed, the source appears to
change smoothly. By definition, a stable so-
lution is one that changes smoothly as the
input is varied smoothly.

FUTURE DIRECTIONS

There are several lines of pursuit which
appear important to develop further:

1. We have mentioned the attempts by
several groups to use increasingly realistic
head models based on data from imaging
techniques such as MRI. The improvement
in localization from such a treatment may
justify the increased resources in terms of
computer time necessary to utilize such
techniques on a broad scale.

2. We have also mentioned ongoing work
on more distributed sources. These tech-
niques need to be refined and tested, and
they probably are more realistic models of
physiologic events than is the single-dipole
model.

3. Itis also quite important to attempt to
utilize the information from both MEG and
EEG together. Simplistic approaches such
as independent localization utilizing each
technique with subsequent averaging of es-
timated dipole locations are clearly subop-
timal (38). A three-step approach has been
suggested by Cohen and Cuffin (5) in which
the MEG map is used in an inverse way to
estimate dipole parameters of the tangential
dipole; then a forward solution of surface
potential is performed based on this first so-
lution. This forward solution is subtracted
from the EEG map to give a residual EEG
map (presumably reflecting predominantly
components of radial sources). An inverse
solution is then performed on this EEG map
to localize the radial sources. In principle,
measurement of EEG and MEG give in-
dependent information about the electrical
activity of the brain (4. 15), and techniques
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which make optimal use of the differences
need to be further developed.

4. Another area in which work needs to
be pursued i1s in making use of the infor-
mation available in the time dependencies
of the signals. The signals from moment to
moment have some relatedness, and this in-
formation may be useful in visualizing
changes in source currents which may, in
turn, improve our understanding of cerebral

activity. In essence, what can be done is to -

incorporate some feedback into the infer-
ence algorithm. That is, the physiological
state is as much a result of the previous state
as it is of the input (16). This is called a
‘“Markovian process,’” and although ignor-
ing it has demonstrated the stability of some
inference techniques, it will be important to
incorporate this physiologically vital fea-
ture into future models.
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